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A “BEEEBEEIRMES: RE. KESNA" NBEPRE, 300 RAGRLWNE T HEERE

F2E5RT. REEEN

NI RFZBZIRMEF G ENERRIE, AR
Werbos BRIEH, URMLEREAEM, BMESALES

BTEFEEMNBDSHL (Adaptive Dynamic Programming, ADP)

ARUNNAE. BENSAYEEERE P. J.
ERYSEHTTE, BRMRAMESERIFLIERS

BRI HlaREAY T, Eﬁfﬂ*ﬂﬂ%?ﬁhT%jﬁﬁ RAFLMEREU ST IEBIEHNTS

MRSt RERS IR, BWMA
ﬁﬁ%ﬁ%%%—ﬁ$%EL

TR E 2
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TEINBEE, BYBRRT SN “HEHR" R,

—. BEMNGIERLIEIS

XF T B EAY R Y 3E 2 1
SRS X, =F(xpu)-x EXCR", -
, X RoRRE, u 2’
Bl B 1, % M BE S bx R K
J)= T Ulxuy), U245 ERIRK
REREL, FATHAEMRERE R,
Bellman & i 7512 & — i
72, EHBIAML (dynamic
) BIEKR,
O KRz 75 AR T LU B e
PR BT B £t SR WS, MR8 bellman
B e R B, Mt B ZI T aR Y
EARBRARRIKREIN AT (1), B

ueACR"

programming, DP

ZIWEw sl u (1) BRBXA
BRAMERY u (1), KigARWAZ

A R E T AR
ERBIEEK (

(EF TRV, AR
HUE T SE /N

2). sIASMRIERTRSZ TR,
RET), HREEREHETENNE
R ) .

J[x(, t] :run(irr)l (U[x @), u(@, t]+yJ [x (D), t+1]) (1)

u (1) :argrll‘rl(i’r)l (Ulx @, u), t]+yJ [x (D), t+1]}) (2)

1961 4, Bellman $2 H 78 SR AR sl A i b A4 IR B 75 2210 28 e 44
EETRSTZEENEG -MEHRTITE, HSRETENHEREZN, F[EIT
BRPKERREEINR . AfEAET SRS, EEAELREm, it
HESEEEBUSIEK, FI4ERMHEE ( Curse of Dimensionality ) [A[,

1977 fE, FEE¥#E Paul J. Werbos BRI H T H & M sh ALK
( Adaptive/Approximate Dynamic Programming, ADP), X Al ifF
AL, B AL G fl s & R 2L BRI # %R, ADP
BT AER AL TT IR, R ITER S T RS SRS LRI Y R
1, BRIABEE I T ST RS, #0A N B —MEERE R A
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R 1B
B I 8 1l R o e M B 48 2R 2
ADP — R B IE=NE5: B &S
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AT BB
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Programming, GDHP)
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EREENESEIRIS
2.1 ERBEMNDSULE
7 B iR 1 % 4 Bellman J3

2 (3) FHV (x), AILAZE—
MRETTE V=f (v), FHIERIE

! Actions System/

Network

States

Environment

1 BENIHSHLIRER

Vin=f (v) KRIEXATTE. R E
TH HYIE RGBSR, WA EEA]
Ya1E v, FFIA.

V(x,) =Hlljn{U(xk, w) +V(x,,) }(3)

2.2 ERBEENIEMEIDZE
ERHEE NSRS
2 EEREEN ISR T
£ ( Value iterative adaptive
dynamic programming ) FISEHES
ERBENsIZESHIRITTE (Policy
iterative adaptive dynamic
programming ).
BHEREENHAL, &—
DNUETRES s, NENETREMI B
TFa # it B — KR EUX A s 1
FEIEB T — MRS EHEN
H, EFWAshERTLLELERIR
SHEAENE R B, MEFX
A R HY B BE A (8 R BUPE 9 24 i
WESRMERLE, BARRITIZE
B, B2 E %Sk, R
s EEREE Y, () =0, E
H1: X Fi=0, 1, 2, KRR
BmHEIE AKX (4), R EHE
PR (), BRI BEWME 2 Ay
Ko 2008 £E, Frank Lewis
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using approximate dynamic
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proof. IEEE Transactions on Systems, Man,
and Cybernetics, Part B ( Cybernetics ), 38(4),
943-949. ),

v, (x)=argmin (U (xp, ) +V; (2} (4)

Vi (x)=U (x, v; (x))+V, (F (x,v; (x)) (5)

i=0 i=1 i=2
A2 EsfER
RIS AN EHE NS SHEA T — M ENE

IRy, (x), X Fi=0, 1, 2, A@BLUWF
WA TIE. MRS AR B 2 GHIB 7512
(6), FRGIERIEH (7). 2014 £, TANNEIRH
FZAER T SRS IR R STRIRRE M . W sl A B
(A4 A TA) (Liu, D, & Wei, Q.(2014) .
Policy iteration adaptive dynamic programming
algorithm for discrete—time nonlinear systems.
IEEE Transactions on Neural Networks and

Learning Systems , 25(3), 621-634.),
v, (x)=U(x, v, () )+V, (F (x,,v, (x,)) (6)

Vi (xk)zargmuikn {U(xkvuk)+‘/i(xk+l)} (7)

=. BiENESRLIERE

3.1 " XEERBENNERL
T 1=0, EHIETERRIEFRERE v, (x) = ¢ (x)
VHEERIERIRAT (8), MRHERREHTEANAI

(9),
V() (xk)zarg muikn {U(Xk,uk)+‘/() (xk+1 )} (8)
V, (x)=U(x, vy (x,)+V, (F (x,v, (x,)) (9)

T i=1, 2+
AT (1

, TTNGER ADP EETE AT (
) B Z IR TR,

v, (xk):argmuikn {U(x, u)+V, (F (x,u,))}(10)

Vi (xk)zrr}jn{U(xk,ukHVi (F (x,u))} (11)

STRCSRE AT T, 8 2: IS 1-4 BT,
NFi=0, 1,, &V, (x)®v, (x)LL (8)—(11)
For, HEHRNL, WERMEE ;cg.ﬁwﬂzv-(xk)u&cﬁﬂz
FRftEREERRE T (x,), A (

lim v, (x)=J" (x) (12)
-1\ 5-1 1,
(1+( 1y ),-)J (x)<V (x)< (lﬁ).] (%)
HERILUR R NS

Corollary 1.Suppose Assumptions 1-4 hold. For

i=0,1,... let V, (x,)and v; (x, ) be obtained by (1)~ (5).

If for Vx,=€R"V, (x,) <V, (x,). holds,V,= 0,1.....,then
Vi, (x) = Vi (x)

. (13)

Vi (x)=J (x)

Corollary 2.If for Vx=€R"V, (x,) >V, (x,)

holds V,=0,1,..., then

Vi (x) <V, (x)
]( ) ) (14)
V,-(xk)g-] (xk)

X HRT T

Lemma 1. Suppose Assumptions 1-4hold.Fori =0,1,...,
let V. (x,)and v; (x, ) be obtained by (5 )~ (9).Then,
Vx=ER", there exists a finite i that makes

V. (x,)-J (x) | <c (15)

hold,where ¢ > 0 is an arbitrary given positive number.

EM 3 X F Vx=€R", H{AREX (16) Bz,
RS v, (x) T, FERERS (1) RS
—H#nE AR (UUB) e, Hfi=0, 1, -
WRIERAG AR E i SR 4 RIER b 44
R
Theorem 4.Fori=0,1......,if
Via(x) <V, (x) (16)
holds then we have the nonlinear system (1) is

asymptotically stable under the iterative control law v,( x, ).
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Theorem 5. For i = 0,1,...,if

Via(x) =V (x) < U (x, v; (), (17)
then we have the nonlinear system ( 1 )is asymptotically
stable under the iterative control law v; (x, ).
Proof.According to (25 ), we have

(Via(x) =V (x ) = (V; (%) =Vii (%)) < 0.

Then,we can get

(Vi () =V, () =U (x5 v; (x)

<V (x)-Vi(x)-U(x;, vii (x5 ) +U (x5, v (x))
which obtains
Vi (xp) =V (x) < Vi (x00) =V () +U (x5, v ()
AsV, (x,) -V, (x,) < U (x,v,(x,) holds,we can get
Vi () =V (x) <0.

WER v, () BFREEH, A vy, (x) EREERE?
E 6 MIEHE 7 B HMRFTTIE,

Theorem 6.If v, ( x, ) is stable,i=1,2,...,

and if the iterative performance index functions satisfy

Vi (x) = (\/,+1(xk)+V,1(xk)) (18)

then we have v, (x, )1is stable.
Theorem 7. If v; (x, ) is stable,and if
Vi (x ) +Viy (x) = Vi (1) +V, (x),  (19)

then we have v;,; (x, )is stable.

BEUMTHHEZERSR, (TEERWE 2, K3,
K4, Eb5, E6 R,

do
dt

=,
;do
d
0: MR, o FUERE, J-3: GEENIE, ¢-98;
=3 BREEG =30 BRES f02: BEERAL
Initial value functions ¥’ ( x, ) :x{ﬁjxk, Jj=1,2,3.4.
P,=0;

=u— Mgl sinf— fdd

FREEME

cLoup cLAssrooM [ =i ]
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2001+ | Hll_f
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= g 2 Initial iteration
8 8
2 2 9th iteration 2
E o
= 9 =
Limiting iteration
) Limiting iteration )
0 50 100 150 200 0 50 100 150 200
Time steps Time steps
(c) (d)
5 BHIRETLL

Xen =F (x5 u,) (1)
where x, ER" is the state and u, ER" is the control
vector. Let x, be the initial state.

The performance index function for state x, under the

control sequence u,= (u,, u,, ... ) is defined as

J(xo,ﬂo)=zU(xk,uk>, (2)

where U (x,, u, ) = 0, for Vx,, u,, is the utility function.

Assumptions:

e The system is controllable.

¢ The system state x,= 0 is an equilibrium state of system
under the control #,= 0,i.e., F (0,0 )=0.

e The feedback control u,= u ( x, ) satisfies lu,=u (x,)=0
for x,= 0.

e The utility function U ( x,, u, ) is a positive definite
function.

*These assumptions are mild and not strong.
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According to Bellman's principle of optimality,
— the optimal control u~ (x,) at time k is the u ( x, )
that achieves this minimum,i.e.,
u*(xk):argru‘fleing (U (x, u)+ (xe) Y. (3)
— the optimal performance index function satisfies
the following Hamilton-Jacobi-Bellman (HJB)equation
J (x)= min {U (x, )+ (x.,) }.Very difficult to solve
U Gt () (F Cratd (3)0). (4)

I~ XCRIIEA B & N shAS R S AR
Policy iteration.
® For i=0, let v, (x,)be an admissible control law.
® The performance index function can be constructed by
Vo (x,)=U (x,, vy (x, )+Vy (F (x,,v, (x)). (1)
® Then we can obtain the initial iterative control law
Vl(xk)=arg{?ei£{U(xk,uk)+Vo(xkﬂ)} (2)
For i=1,2,..., policy iteration algorithm will iterate
between the following equations.
e Update the iterative performance index function
Vi (x)=U (xp, v (5 D4V (F (v (x0). (3)
® Obtain iterative control law
v (X, ) = arg melngl {U (xg, w )TV, (x) )
:argglei@ {U (xp, )V, (F (x, u,) 3 (4)
Value Iteration.
For i=1,2,..., value iteration algorithm will iterate
between the following equations.
e Obtain iterative control law
v, (x,)=arg Inelél (U (x, u)+V, (x50 )
= argrglgiﬂg {U (x, )TV, (F(x,, 1))} (5)
e Update the iterative performance index function
Vi (x)=U (x,v, (x, )+V, (F (x,v; (x)). (6)
Generalized Policy Iteration.
F. L. Lewis, IEEE CIS Magazine 2009
Expressions

e Let{N,, N,, ...}be an arbitrary sequence,

cLouD cLAssRoom [ Z=ig# ]
e N, = 0, i=1,2,...,is an arbitrary nonnegative integer.
e et j, increase from 0 to N,
e Let j, increase from 0 to N,
We update the performance index function by
Vi (x)=U (xp, vy () 4V, (F (x5, v, (%) (7)
where
Vie (x)= mm (U (x, u )tV (x00) )
=U (x, v () +V, (F (x,v, (x)) (8)
Define the iterative performance index function
Vi (x)=Viy, (x). (9)
For Vi=2,3,..., the generalized policy iteration
algorithm can be expressed by two iteration procedures.
i-iteration (policy improvement):
v, (x,)=arg mln {U (x, u)+V_ (x.))
=arg mMiAn (U (x,u )V, (F (x, 1))}, (10)
Jj-iteration (policy evaluation):
Vi (x)=U (x, vy (1)) 4V, (F (x, vy (x0) (11)
where the iteration index j; increases from 0 to N, and
Vio (x)= mln {U (x,u)+V, (x.)}
=U (x, v () +Vi, (F (x,v; () . (12)
Define the iterative performance index function

Vi (3) =V, (3). (13)

J7XCRIEIAR S EER S EBE R Z AR AR
B 7 B,

Ji=0 Ji=N, Ji=®

Value iteration Generalized policy iteration Policy iteration

v, (xk)=argmuin {U Cx w)+V; (x0) }
[V;H(xk):U(xk,v,» (x )+V, (F (x, v (X))
v, (x,)=arg min {U (X ) +V iy (X))}
!Vl‘/,ﬂ (x)=U Cx, v () +Vyy (F (v (3))
V, (x)=U (x, v, (x5 )+V, (F (x, v, ().
{ viAl(xk):argrr%in{U(xk,uk)+V,(xw)}

7 TCREEREEER S REERZEHXR
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T SCRIEIER B IE RN B AR B TR AN E
Theoreml1
Let v, (x, ) be an arbitrary admissible control law.
Fori=0,1,..., let the iterative
control law v; (x, ) and iterative performance index
function V, ., (x, ) are obtained by GPI.Let
{Ni, N,
i=1, 2

..., } bean sequence,where N; = 0, for

is an arbitrary non-negative integer.

Then,we have the following properties.
(i) Fori=1, 2 N;, we have

>ttt )

..andj=0, 1

>

Vijm (Xk)$Vi’ji (x,).

(ii) Fori=1, 2, ..., letj,andj ., be arbitrary constant

integers which satisfy 0 < j, < N,

1y

and 0 <j (uySN (i,
respectively.Then,we have

Vi+1,j(,.+,>(xk) sV, (x).

Theorem 2

Fori=1, 2, ..andj=0, 1 N;, let the iterative

i y "t
control law v; (x, ) and iterative performance index
function V, ., (x, ) be obtained by GPI.

Then, fori=1, 2 the iterative control law

s eeey

v; (x,)is admissible.

THEHGEH-MIENA, (TESRWE S8, E 9,
& 10 .

e We now examine the performance of the developed
algorithm in a torsional pendulum system.
e The dynamics of the pendulum is given as follows

0
ol

X1 (k+1) _ 0. Lxytxyy,
X3 (k1) —0.49xsin (x,;, ) —0.1Xf, XXXy,

e Let the utility function is expressed as

U (x,, u,)=x.0x, +uRu,

where Q = R = [ and I denotes the identity matrix

with suitable dimensions.

e We choose four different iteration sequences
{Ni}, y=1,2,3,4.

eN, =0, Vi

c0<N <4, Vi

e 0 <N <10, Vi

e N/=20, Vi
g 150 g 150
E E
R 4
E 100 E 1004
g g
= g
g £
< & 10
20 2
300

Performance index functions
Performance index functions

i300 j;

(e) (d)
() j=0, wes NL (D) j=0, oy N2 () j=0, o N (d) j=0, ... N

B8 IMEREFEARRETLE

System states
System states

Time steps

(b)

System states
System states

Time steps Time steps

(c) (d)
K9 RASHREEREL
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Time steps Time steps
(e) (d)

K10 =5 R
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(I REA . FEATR SIS A P BT, 25T
iR @R SRS AU FIE A .

© Suppose that the composition of coal contains
carbon(C),hydrogen(H),oxygen(O),char(Char),
which is expressed by

Coal—0, (k)C+0, (k)H+0, (k)O+0, (k) Char,
4
where Z 0,(k)=1.Let
i=1

O (k)=[0, (k), 0, (k), 05 (k), 6, (k)]

denote the coal quality function.

© The coal gasification reaction can be classified
into two phases.The first phase is coal combustion

reaction,which is expressed by
C+ %02:00—123. 1 KJ/mol,

Co+ %02=C02—282.9 KJ/mol.
The other phase is water-gas shift reaction

2C0+H,0=C0,+H,—42.3 KJ/mol.

© Let x (k)be the reaction temperature and
let T (k) denote the reaction equilibrium
coefficient.Then we have the following

empirical formula

_ Do, Ny, 202.362 0.921914
k)= Nco Ny | x (k)-635.52

O Let the temperature be x (k).
Define control input as
u (k)= [ Poy (K), Puo (k), Py (k)"
The system output can be defined as
y (k)= [ Ry (k), Reo, (k), Ry (k) Ry (k), R (K.
The coal gasification control system
x (kt1)=F (x (k), u (k), ©(k)),
y (k)=G (x (k), u (k), ©(k).

ETHRENEZRTES
© Define the ideal BP network based model
x (k1) =Wo0, (z (k) +e, (k)
y (k)=W,u0, (z (k )+, (k).
The BP network model
£ (k1) =Wy (k) oy (2 (k)
5 (k) =W (k)a, (z (k).

© By a gradient-based adaptation rule,
the weights are updated as
Won (k1) =W, (k) ~Lyoy (z (k)" (k+1),
W (k1) =W,0 (k) 100, (2 (k)3 (k) (1)
where
% (k+1)=% (k+1)—x(k+1)
=W (k)oy (2 (k) =g, (k)
y (k)=y (k)-y (k)
=W (k)oy (z (k)= (k).

O Theorem 1.Let the NN weights be updated by (1) .
Then the system identification error x (k )is
asymptotically stable and the error matrices W,,, (k)

and W,, (k)both converge to zero.

O Construct ® network to identify the coal quality.
Let the ideal coal quality NN be
O (k)=Wgo (zo (k))+ee (k)
where zo (k)=[x"(k), x" (k+1), y" (k), u" (k).
The output of coal quality NN is
O(k)=Wg (k)o (zo (k).
Train the ® network by

A~ j+l

Wo (k)=W§ (k)=loo (2o (k) (k).

RgiEin
© Let the model NN based output be expressed by
x (k+1)=F (z (k )+, (k).
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O In real world,we can only
F(k)=[x (k) aCk) (k)"
According to mean value theorem, we have
x (kt1)=F (x (k) i@ (k), @ (k)+V (&8, (k)
+V (&) eo (k) +e,, (k).

© For ideal state n,we have
n=F (n, u, (k), ®(k)
Obtain the ideal control by
u, (k)=F,, (n, n, ©(k).
Let the tracking and control errors be defined as
e (k)=x(k)-n,
u, (k)=u(k)—u, (k).

O Hence we can get the regulation system
e (k+1)=F (e (k), u, (k), ©Ck)+w (k),
where
F (e (k) u, (k), © (k) =F((e(k)+n) (u, (k)
i, (k), ©(k)-n,
and
W (k)=V (&8, (K)4V (&) éo( k)46, (k)Y (&5, (k).

denotes the disturbance.

& ADP &i%

O Define the iterative performance index function

J(e(0), u,(0), w(0)= Z (" (k)Ae(k)+id (k)

Bu, (k)—w" (k)Cw (k).

O Discrete-Time HJI
equation

J (e(k)=U (e(k), u,(e(k)),
w (e (k) +J (e (k+1)).
Tamer Basar

University of 1llinois at Urbana-

Champaign
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O Let the initial performance index function V(e (k))=0.
Fori=0,1, ..., let
w,-(e(k))zargregx{U(e(k) (k) w(k)) +V (e (kt1)) },
ﬁi(e(k)):argrrlz(ik? {U(e(k) ,u,(k), w(k)))+V(e
(k+1)) Yp;(e(k)).
and
Vi (e(k))=U(e(k) ¥,(e (k) @,(e(k)) +V, (e
(k+1)) +m (e(k)).

O Theorem 2.The iterative performance index
function J; (e (k)) is uniformly convergent to a bounded
neighborhood of the optimal performance index
function. J* (e (k)), ie

y (z-1)

tim¥, (e(k))=7, (e(k)) sr(l T

b)) cetin.

HEWEEE, WA 14 .

4.2 EReEBRIIES

HHeETRIFERSGEHERM,
48 (G EAIESL BT AR SR ) |
HIs ) HEk, HRREEMK
fii R .

HERETRERZRMEEmA =MIEERI:
1) AR SESRARKEEN KRN, =
W B R A E S R, [FEX ARt AT TR
) BRI FEHRBEEREEENBERT, B
ME—ENRNEZRERAGELSE; 3) BAK
N HEES RS, B2 E Y BR M N E
T,

iy, HBA
HEREHEETT (&
HEEFE ARG WHE 15,
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J(e( 1
Lritic k) )i
,'ll\letwork @
) éwi y
v £ L (k) Au (k)
Wi (kN Ck J (e (
e (k = \\ u u_>" ( Model x (kr1)e (£+1) Critic k1))
» ACt{OH ) Network Network > K
Network ,
ewxw—+Cﬁ—+ % :
. 1 Ule(k), U (k) , w(k)) i
w
Control
Module [w (k)
14 ER ADP EATHZ M REY A
s N
Battery System

Residential Load | @

X 4
Power
Flow
Inverter
A
- J
\
Power Management Unit |
A
Power Grids T l}olz)v‘ir
15 HeEE=E 16 BEFEERAS
[RIAR - Let the efficiency of battery charging/discharging
Let E,, be the battery energy.The battery model be derived as
can be expressed as n (Py,)=0.898-0.173| Py, | /Pre» (2)
E, (wy =E,~Py>n (Py,), (1)

where P, >0 is the rated power output of the battery.

where P, is the battery power output at time .

PEH R Y H bR 2/ MEER IR R R, i
HIfEFRE E RO AR IAIE, 7870 i S FE I FY
FREE / R, E CFEMAITEREIERRECN AR (3),

e P,>0 denotes battery discharging.
¢ P,,<0 denotes battery charging.
¢ P,,=0 denotes that the battery is idle.
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Zoy’ (m, (CP,) *+my (E,-E}) 41 (P,), (3)

where C, is electricity rate and P, is the power from grid

The system formulation is denoted as
PLt_ u,

%= (u,)

, (4)

'xt+]:F('xt’ ut} t):

0 T
where X = Pgly x21=Ebr_Eb, M,=Pb,alld X= ['xlt) xzr]

mlcf . _
Let M, = . Performance index function is
m,
J('x0> MO) 0)=Z}}IU (xn ul; t)7 (5)
t=0

where U (x,, u,, t) =x,Mx+ru..
The optimal performance index function can be
defined as

T (x, H=min{J (x, u, 1) :w€n},  (6)

Define the optiman Q function as Q" (x,, u,, t),

Which satisfies
minQ" (x,, wu, t)=J (x, t) (7)

The optimal Q function satisfies the following equation

Q;k (X,, I/l,’ l> :U (xt) l/t,, t) +V minQﬂt (xt+17 ut+1> t+1 )( 8 )

XHEMEEER Q #IHIHESRIT

Assumption.The residential load P,, and the electricity
rate C, are periodic functions with the period A = 24 hours.
Let k=w/. Then, we have

® P, =P, .o,=Pyand C,=C,, = C,

Define U, as the control sequence from k to k+1—1.
We can define a new utility function
=1

I (x, W) = Z VOU (Xeg, Uyrg, 0) (9)

6=0
Let 7 =)". We have

Q;k (X,, uk> :H (xk; uk) +)7II&1HQ* (xk+/1> ukﬂ)’ ( 10)

cLouD cLAssRoom [ Z=ig# ]
In the developed algorithm, two iterations are introduced,
which are external iteration (i-iteration)and internal
iteration (j-iteration), respectively.
e j-iteration. Let i=0,1,... be the external iteration index.
Let ¥ (x,, u, )be an positive semi-definite function.
The initial Q function Q, (x,, U, )is defined as
Qy (xy, WO)=TT (x,, ) +ymin¥ (xyy u,) . (11)
The iterative control law seque;ce U, can be computed as

u, (x,) =argm“inQ0 (x, U). (12)
The iterative O functionk can be updated as
0, (x,, )= (x,, U) +yminQy (Xp,;, ;) . (13)
For i=1,2,..., i-iteration will pI::;)ceed between

U, (x,) =arg muinQ[ (%, U,) (14)
The iterative control lav;' sequence I, can be
computed as
O (x, U)=T1 (x, U,) +}7n1141n 0 (Xps, Uiyy)

=11 (x, U) +Q; (%, U (x,)) . (15)

J-iteration. Let j = 0,1,..., 23 be the internal iteration index.
For i = 0 and j = 0, let the initial iterative
performance index be

Q) (x, u)=V¥ (x, u) (16)
For j =0,1,...,23, j-iteration will proceed between

u, (x,) =arg muan{ (%, u), (17)
and k

Q{)H(xk, w)=U (X, uy, j) +y ning (X1, Ur)

=U (xk, U, Jj) +VQ{) (xk+1, ’4{) (%)) (18)
J-iteration. For Vi=1,2,....., we let

07 (x, w)=07, (x, w) . (19)
J-iteration will proceed between

] (x,)=arg min Q] (x,, u,), (20)
and
O (x,, u)=U (x,, u, j) +y H;IHQJ, (Xer, Uper )

=U (xk, Uy, J) +VQ6 (xk+1, ”{) (xk+1 ). (21)
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For Vi=0,1,..., the iterative control law sequence is

u, (xk) ={u(,~) (xk)’ ”lz (-xk>’

Theorem 1. For i=0,1,..., let Q,,, (x,, U,)and U, (x,)

, uy(x) 1.(22)

be obtained by i-iteration (11 ) — (15). Then,
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to its optimums,i.e.,

lzljg 0, (x, uk>=Q* (x, Uy).

the iterative Q function Q; (x,, U, ) converges
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